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Abstract
We propose an analytical scattering theory in spectral domain to model the electromagnetic
(EM) fields of a gyrotropic sphere in terms of the eigen-functions and their associated spectral
eigenvalues/coefficients in a recursive integral form. Applying the continuous boundary conditions
of electromagnetic fields on the surface between the free space and gyrotropic sphere, the spectral
coefficients of transmitted fields inside the gyrotropic sphere and the scattered fields in the isotropic
host medium can be obtained exactly by expanding spherical vector wave eigenfunctions. Numerical
results are provided for some representative cases, which are compared to the results from adaptive
integral method (AIM). Good agreement demonstrates the validity of the proposed analytical
scattering theory for gyrotropic spheres in spectral domain using Fourier transform.
PACS numbers:
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I. INTRODUCTION
Electromagnetic scattering of anisotropic media have attracted more and more attention
for their wide applications in the past decades, such as radar cross section (RCS) compu-
tation of perfect electric conductor (PEC) targets coated with complex material, radome
design, and interaction of light/wave with biological media and metamaterials1–11.
Based on the plane wave expansion in terms of spherical vector wave functions in isotropic
medium12, the scattering by a uniaxial sphere and a sphere of uniaxial left-handed materials
have been derived10,11. More recently, the scattering of a gyromagnetic sphere has been
investigated in the expansion in spatial domain13. Moreover, the theory is only working for
the case having gyrotropic permeability and scalar permittivity. If both permittivity and
permeability are gyrotropic matrices, the interplay between the extra three parameters in
the gyrotropic permittivity will make that approach13 too tedious and insufficient to model
the scattering properties. This motivates our work in spectral domain instead of spatial
domain. A most general gyrotropic sphere is considered, and since the existing method
has drawbacks in the analysis of scatterings, a novel approach has to be developed. The
analytical method, which can be readily implemented by programming, has its academic
and practical significance in contrast to purely numerical solutions from FDTD, FEM or
others.
In view of this, we propose a distinguished method based on Fourier transform, and thus
the spectral-domain analysis of the scattering by a general gyrotropic sphere in terms of
spherical functions wave functions is investigated. This method has distinguished features:
(1) it can straightforwardly be employed to describe the light wave interaction with particles
and objects with gyrotropic permittivity and permeability; (2) the material constitution
is very complex and general (both ǫ and µ are gyrotropic tensors), so all those existing
scattering theorems are just its sub-cases, e.g., uniaxial, plasma, anisotropic, gyromagnetic,
etc.; (3) it directly solves for the eigen-problems in spectral domain by Fourier transform,
which simplifies the formulation in spatial domain13.
To obtain the solution of vector wave functions in gyrotropic anisotropic media, we start
from the vector wave equation in a source-free gyrotropic anisotropic medium. Taking the
Fourier transform of the electric field and substituting it into the vector wave equation of
the electric field, we obtain the characteristic equation. Solving this equation, the eigen-
2
values and corresponding vector wave eigenfunctions can be yielded. Then, electromagnetic
fields inside and outside the gyrotropic anisotropic sphere can be expressed based on the
eigenvalues and eigenfunctions. Those unknown scattering coefficients can be analytically
determined from applying the continuous boundary conditions on the surface of the gy-
rotropic anisotropic sphere, where orthogonality relations of the Legendre polynomials are
employed. Numerical results are obtained to gain more physical insight into this problem.
After the results were validated by comparison with the existing data, some new results are
computed and discussed.
In the subsequent analysis, a time dependence of the form exp(−iωt) is assumed for the
electromagnetic field quantities but is suppressed throughout the treatment.
II. ANALYTICAL FORMULATION
The permittivity and permeability tensors of the gyrotropic anisotropic sphere shown in
Fig. 1 are characterized by the following two matrices
ǫ =

ǫ1 −iǫ2 0
iǫ2 ǫ1 0
0 0 ǫ3

µ =

µ1 −iµ2 0
iµ2 µ1 0
0 0 µ3
 . (1)
The parameters are defined in Cartesian coordinates. The E-field vector wave equa-
tion can be obtained by substituting the above constitutive relations into the source-free
Maxwell’s equations11, i.e.,
∇× [µ−1 ·∇×E(r)]− ω2ǫ ·E(r) = 0. (2)
The solution to (2) can be obtained by the following Fourier transform:
E(r) =
∫
∞
−∞
dkx
∫
∞
−∞
dky
∫
∞
−∞
E(k)eik·rdkz (3)
where the wave number is denoted by k = kxx̂+kyŷ+kzẑ, and the space vector is identified
as r = xx̂ + yŷ + zẑ, with x̂, ŷ, ẑ being the unit vectors in Cartesian coordinates. By
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FIG. 1: Geometry for the EM scattering of a plane wave by an gyrotropic anisotropic sphere.
substituting (3) into (2), the wave equation can be transformed into∫
∞
−∞
dkx
∫
∞
−∞
dky
∫
∞
−∞
K(k) ·E(k)eik·rdkz = 0 (4)
where
K(k) =

−b1k2z − b3k2y + a1 b3kxky − ib2k2z − ia2 b1kxkz + ib2kykz
b3kxky + ib2k
2
z + ia2 −b1k2z − b3k2x + a1 b1kykz − ib2kxkz
b1kxkz − ib2kykz b1kykz + ib2kxkz −b1(k2y + k2x) + a3
 (5)
with
a1 = ω
2ǫ1,
a2 = ω
2ǫ2,
a3 = ω
2ǫ3,
b1 =
µ1
µ21 − µ22
b2 =
µ2
µ21 − µ22
b3 = 1/µ3. (6)
In order to get nontrivial solutions of E(k), the following characteristic equation has to be
satisfied:
Det
[
K(k)
]
= 0. (7)
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It can be explicitly rewritten as
A(θk, φk)k
4 −B(θk, φk)k2 + C = 0, (8)
where
A(θk, φk) =
[
b1b3 sin
2 θk + (b
2
1 − b22)cos2θk
]× [a1 sin2 θk + a3 cos2 θk] ,
B(θk, φk) =
[
b1(a
2
1 − a22) + b3a1a3
]
sin2 θk + 2a3(b1a1 + b2a2) cos
2 θk
C = a3(a
2
1 − a22) (9)
with
k2 = k2x + k
2
y + k
2
z ,
θk = tan
−1(
√
k2x + k
2
y/kz),
φk = tan
−1(ky/kx). (10)
Equation (8) is a biquadratic equation with the following four roots of kℓ (where ℓ = 1, 2, 3,
or 4) for the radial wave vectors:
k21,3 =
B +
√
B2 − 4AC
2A
,
k22,4 =
B −√B2 − 4AC
2A
. (11)
So the corresponding E-field eigenvectors can be obtained from Eq. (5) and are given as
follows
Eq = F
e
qfq(θk, φk) =
[
F eqx(θk, φk)x̂+ F
e
qy(θk, φk)ŷ + F
e
qz(θk, φk)ẑ
]
fq(θk, φk), (12)
where and subsequently, q = 1, 2, 3, or 4; and
F eqx = −
△1
△ sinφk +
△2
△ cosφk,
F eqy =
△1
△ cosφk +
△2
△ sinφk,
F eqz = 1 (13)
with
△1 = i(b1a2 + b2a1)k2qsinθkcosθk
△2 =
[
b1b3k
2
qsin
2θk + (b
2
1 − b22)k2qcos2θk
]
k2qsinθkcosθk − (b1a1 + b2a2)
△ = −(b2k2qcos2θk + a2)2 + (b1k2qcos2θk − a1)(b1k2qcos2θk + b3k2qsin2θk − a1) (14)
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With those obtained eigenvalues and their associated formulas, the E-field in Eq. (3) is then
given as follows
E(r) =
2∑
q=1
∫ π
0
∫ 2π
0
F eq(θk, φk)fq(θk, φk)e
ikq ·rk2q sin θkdθkdφk (15)
where
kq = kq sin θk cos φkx̂+ kq sin θk sin φkŷ + kq cos θkẑ,
and fq(θk, φk) denotes the unknown angular spectrum amplitude. Equation (15) is also
known as the eigen plane wave spectrum representation of the electric field in homogeneous
gyrotropic anisotropic medium. From (3), it is evident that the integration over the radial
wave-vector component is reduced to a summation of four terms corresponding to the roots
of (8), which are the only permissible solutions. The symmetric roots, i.e., k = −kq of k = kq
(q = 1, 2) are taken into account automatically as θ spans from 0 to π while φ spans from 0
to 2π. Physically, we need to sum up for only two of the four components, namely, k1 and
k2.
It is noted that the unknown angular spectrum amplitude fq(θk, φk) is a periodic function
with respect to θk and φk. Therefore we can use surface harmonics of the first kind to expand
the fq(θk, φk)
fq(θk, φk) =
∑
m′,n′
Gm′n′qP
m′
n′ (cos θk)e
im′φk (16)
where Pmn (x) denotes the associated Legendre function, n
′ is summed from 0 to +∞, and
m′ is summed from −n′ to n′. Substituting (16) to (15), we obtain
E(r)=
2∑
q=1
∑
m′,n′
Gm′n′q
∫ π
0
∫ 2π
0
F eq(θk, φk)P
m′
n′ (cos θk)e
im′φeikq·rk2q sin θkdθkdφk. (17)
This specific form of (17) suggests the use of the well-known identity14,15
eik·r=
∞∑
n=0
in(2n+ 1)jn(kr)
[ n∑
m=0
(n−m)!
(n+m)!
Pmn (cos θk)P
m
n (cos θ)e
im(φ−φk)
+
n∑
m=1
(n−m)!
(n+m)!
Pmn (cos θk)P
m
n (cos θ)e
−im(φ−φk)
]
. (18)
After substituting (18) into (17), we obtain the solution of E(r) for homogeneous gyrotropic
anisotropic media. In order to have a compact and explicit solution to the scattering of a
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gyrotropic anisotropic sphere, it is necessary to introduce the spherical vector wave functions
as follows14
M (l)mn = z
(l)
n (kr)
[
im
Pmn (cos θ)
sin θ
θ̂ − dP
m
n (cos θ)
dθ
φ̂
]
eimφ
N (l)mn = n(n + 1)
z
(l)
n (kr)
kr
Pmn (cos θ)e
imφr̂ +
1
kr
d(rz
(l)
n (kr))
dr
[
dPmn (cos θ)
dθ
θ̂ + im
Pmn (cos θ)
sin θ
φ̂
]
eimφ
L(l)mn = k
{
dz
(l)
n (kr)
d(kr)
Pmn (cos θ)e
imφr̂ +
z
(l)
n (kr)
kr
×
[
dPmn (cos θ)
dθ
θ̂ + im
Pmn (cos θ)
sin θ
φ̂
]
eimφ
}
(19)
where z
(l)
n (x) (where l = 1, 2, 3, or 4) denotes an appropriate kind of spherical Bessel
functions, that is, jn, yn, h
(1)
n , or h
(2)
n , respectively. Because of the complete property of the
vector wave functions given in Eq. (19), we have the following expression
F eq(θ, φ)e
ikq·r=
∑
m,n
[
Aemnq(θk)M
(1)
mn(r, kq) +B
e
mnq(θk)N
(1)
mn(r, kq)
+Cemnq(θk)L
(1)
mn(r, kq)
]
e−imφk (20)
where n is summed from 0 to +∞ while m is summed from −n to n, and k is pointing in
the (θk, φk) direction while r is pointing in the (θ, φ) direction in the spherical coordinates.
The other inter-parameters, Aemnq(θk), B
e
mnq(θk) and C
e
mnq(θk), are provided in Appendix A.
Substituting (20) into (17), and integrating with respect to φk, we end up with
E(r) =
2∑
q=1
∑
m,n
∑
n′
2πGmn′q
∫ π
0
[
Aemnq(θk)M
(1)
mn(r, kq) +B
e
mnq(θk)N
(1)
mn(r, kq)
+Cemnq(θk)L
(1)
mn(r, kq)
]
Pmn′ (cos θk)k
2
q sin θkdθk. (21)
Equation (21) is the eigenfunction representation of the E-field in gyrotropic anisotropic
media. TheH-field eigenvectors can be derived from E-field eigenvectors shown in Eqs. (8)-
(11) by using the source-free Maxwell’s equations in the spectral domain. Because the
equations of H-field are very similar to those of E-field, we only give the relation between
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H-field eigenvectors (i.e., F hq ) and E-field eigenvectors (i.e., F
e
q) in Cartesian coordinates
F hq=
kq
ω

b1 ib2 0
−ib2 b1 0
0 0 b3


0 − cos θk sin θk sin φk
cos θk 0 − sin θk cosφk
− sin θk sinφk sin θk cos φk 0
 · F eq
(22)
where q = 1, 2.
From the result shown in (21), it can be seen that the solutions to the source-free
Maxwell’s equations for the gyrotropic anisotropic medium are expanded in terms of the
first kind of spherical vector functions. Because all spherical Bessel functions of different
kinds satisfy the same differential equation and the same recursive relations, we can use
the field expressions given in Eq. (21) to analyze scattering and radiation by the stacked
structure of the gyrotropic anisotropic media.
Assume that the electric field of an incident plane wave is given by E = x̂E0e
ik0z. The
incident EM fields (designated by the superscript inc) can be expanded by an infinite series
of spherical vector wave functions for an isotropic medium as follows12:
Einc = E0
∑
m,n
[δm,1 + δm,−1]
[
axmnM
(1)
mn(r, k0) + b
x
mnN
(1)
mn(r, k0)
]
H inc =
k0
iωµ0
E0
∑
mn
[δm,1 + δm,−1]
[
axmnN
(1)
mn(r, k0) + b
x
mnM
(1)
mn(r, k0)
]
(23)
where
axmn =

in+1
2n+ 1
2n(n+ 1)
, m = 1
in+1
2n+ 1
2
, m = −1;
bxmn =

in+1
2n+ 1
2n(n+ 1)
, m = 1
−in+1 2n+ 1
2
, m = −1
δs,l =
 1 s = l0 s 6= l . (24)
According to the radiation condition of an outgoing wave and asymptotic behavior of spher-
ical Bessel functions, only h
(1)
n should be retained in the radial function, therefore the scat-
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tering fields (designated by the superscript s) are expanded as
Es =
∑
mn
[
AsmnM
(3)
mn(r, k0) +B
s
mnN
(3)
mn(r, k0)
]
Hs =
k0
iωµ0
∑
mn
[
AsmnN
(3)
mn(r, k0) +B
s
mnM
(3)
mn(r, k0)
]
(25)
where Asmn and B
s
mn (with n being from 0 to +∞ and m being from −n to n) are unknown
coefficients, and k0 = ω(ǫ0µ0)
1/2, ǫ0 and µ0 denote the wave number, permittivity and
permeability in free space, respectively.
The expressions of EM fields inside the gyrotropic anisotropic sphere are given in Eq. (21),
and the continuity of the tangential EM field components at r = a yields
2∑
q=1
∞∑
n′=0
2πGmn′q
∫ π
0
QmnqP
m
n′ (cos θk)k
2
q sin θkdθk
= E0 [δm,1 + δm,−1] a
x
mn ·
i
(k0a)2
2∑
q=1
∞∑
n′=0
2πGmn′q
∫ π
0
RmnqP
m
n′ (cos θk)k
2
q sin θkdθk
= E0 [δm,1 + δm,−1] b
x
mn ·
i
(k0a)2
(26)
where
Qmnq =
{
Aemnq
1
k0r
d
dr
[
rh(1)n (k0r)
]
jn(kqr)
−iωµ0
k0
[
Bhmnq
1
kqr
d
dr
[rjn(kqr)]
+Chmnq
jn(kqr)
r
]
· h(1)n (k0r)
}
r=a
Rmnq =
{
iωµ0
k0
Ahmnq
1
k0r
d
dr
(
rh(1)n (k0r)
)
jn(kqr)
−
[
Bemnq
1
kqr
d
dr
(rjn(kqr))
+Cemnq
jn(kqr)
r
]
· h(1)n (k0r)
}
r=a
. (27)
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The scattering coefficients, i.e., Asmn and B
s
mn, are thus expressed as
Asmn =
1
h
(1)
n (k0a)
[ ∞∑
n′=0
2∑
q=1
2πGmnq
∫ π
0
Aemnqjn(kqa)P
m
n′ k
2
q sin θkdθk
−E0[δm,1 + δm,1]axmnjn(k0a)
]
Bsmn =
1
h
(1)
n (k0a)
[
iωµ0
k0
∞∑
n′=0
2∑
q=1
2πGmnq
∫ π
0
Ahmnqjn(kqa)P
m
n′ k
2
q sin θkdθk
−E0[δm,1 + δm,1]bxmnjn(k0a)
]
. (28)
From those determined scattering coefficients, the radar cross sections (RCSs) of the gy-
rotropic anisotropic sphere can be calculated, i.e.,
σ = lim
r−→∞
4πr2
|Es|2
|Ei|2
=
4π
E20k
2
0
[∣∣∣∣ ∞∑
n=1
(−i)n
{
P 1n
sin θ
[
As1ne
iφ +
As
−1n
n(n + 1)
e−iφ
]
+
dP 1n
dθ
[
Bs1ne
iφ − B
s
−1n
n(n+ 1)
e−iφ
]}∣∣∣∣2
+
∣∣∣ ∞∑
n=1
(−i)n+1
{
dP 1n
dθ
[
As1ne
iφ − A
s
−1n
n(n + 1)
e−iφ
]
+
P 1n
sin θ
[
Bs1ne
iφ +
Bs
−1n
n(n + 1)
e−iφ
]}∣∣∣∣2
]
. (29)
III. NUMERICAL RESULTS AND DISCUSSION
To verify this spectral-domain scattering method for the gyrotropic anisotropic sphere,
we present the bistatic radar cross sections (RCSs) in E-plane (xoz-plane as shown in Fig. 1)
and H-plane (yoz-plane as shown in Fig. 1) which are compared to the results calculated
by a numerical algorithm, i.e., adaptive integral method (AIM)16 extended from Ref[17].
The gyromagnetic (ǫ2 = 0 and µ2 6= 0 in Fig. 2(a)) and gyroelectric (ǫ2 6= 0 and µ2 = 0 in
Fig. 2(a)) cases have been discussed in Fig. 2, and the good agreement of RCS results on
both planes is achieved between our method and AIM. It partially verifies that the proposed
method and the Fortran code developed in this paper are correct. The series in (26) converge
rapidly, and it is sufficient to take N = 4 as the upper limit of the summation indices n
and n′. Certainly, it should be pointed out that the convergence rate or the upper limit
10
of the summation depends on the electrical dimension of the sphere (with respect to the
wavelength).
0 45 90 135 180
-5
0
5
10
15
20
(a) gyromagnetic
k0a=
 
 
1=2 0
2=0
3=4 0
1=2 0
2=0.4 0
3=3 0
 This paper
 AIM
2 (d
B)
Scattering Angle (Degree)
0 45 90 135 180
-20
-10
0
10
(b) gyroelectric
k0a=
1=4 0
2=0.2 0
3=2 0
1= 0
2=0
3=2 0
 This paper
 AIM
 
 
2 (d
B)
Scattering Angle (Degree)
FIG. 2: Radar cross sections (RCSs) versus the scattering angle (in degree) for (a) the gyromagnetic
sphere and (b) the gyroelectric sphere. The comparisons in RCS results are made between our
spectral-domain method (solid curve) and the AIM (square dot). The electronic size is fixed at
k0a = pi.
Then we study a more general case in Fig. 3 in which both material tensors (ǫ and µ)
are gyrotropic and lossy. The radar cross sections on E-plane and H-plane have been shown
in Fig. 3. To the best of our knowledge, the scattering by such a general gyrotropic sphere
has not been reported, except for its subcase of gyromagnetic spheres13. Obviously, our
model is more general in terms of the material complexity in Ref[13]. Our spectral-domain
analysis is distinguished from the spatial-domain method in13, and one can imagine that
if the spatial method in Ref[13] is extended to study our general gyrotropic materials, the
formulation would be lengthy due to the second tensor of permittivity. Hence, even for the
general gyrotropic materials, our method results in simplified formulation.
To illustrate the applicability of this analytical solution to the gyrotropic anisotropic
11
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FIG. 3: Radar cross sections (RCSs) versus scattering angle (in degrees): The electronic size is
chosen as k0a = pi.
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FIG. 4: Radar cross sections (RCSs) versus scattering angle θ (in degree) in E-plane (solid curve)
and and H-plane (dashed curve). The electric dimension is chosen to be k0a = 4pi..
sphere of electrically large size (for example, in the resonance region), the RCSs of a relatively
large gyrotropic anisotropic sphere with loss are presented in Fig. 4. The lossy permittivity
and permeability parameters are chosen as ǫ1 = (3 + 0.2i)ǫ0, ǫ2 = ǫ0, ǫ3 = (2 + 0.1i)ǫ0,
µ1 = (2 + 0.1i)µ0, µ2 = µ0, µ3 = (3 + 0.2i)µ0. When the dimensions are increased, the
convergence number (N = 24 for the sphere k0a = 4π in Fig. 4) is also increased.
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IV. CONCLUSIONS
In this paper, an analytical solution to the scattering by a general gyrotropic anisotropic
sphere has been obtained. The method is developed based on the multipole expansion of
the field along with the Fourier transform where the unknown angular spectrum amplitude
is determined in spectral domain. The three-dimensional electromagnetic scattering of a
plane wave by an gyrotropic anisotropic sphere has been theoretically formulated, physi-
cally characterized and numerically discussed. Numerical results for special cases are also
obtained and verified by comparing with the results from the method of moments. The good
agreement validates our spectral-domain scattering theory. By using our proposed theory,
the scattering problems of the general optically anisotropic sphere can be analytically stud-
ied in spectral domain and RCSs can be readily computed. The analytical solution under
arbitrary incident angle is still under investigation.
Appendix A: Scattering coefficients of eigen-expansions in Eqs. (20) and (27)
F eq(θ, φ)e
ikq·r=
∑
mn
[
Aemnq(θk)M
(1)
mn(r, kq)
+Bemnq(θk)N
(1)
mn(r, kq)
+ Cemnq(θk)L
(1)
mn(r, kq)
]
e−imφk . (A-1)
Because the spherical wave functions Lmn(r, k),Mmn(r, k), and Nmn(r, k) form a com-
plete set of orthogonal basis functions, we can employ them to expand any solutions uniquely,
e.g.,
x̂eikq·r =
∑
mn
[
axmn(θk)M
(1)
mn(r, kq) + b
x
mn(θk)
·N (1)mn(r, kq) + cxmn(θk)L(1)mn(r, kq)
]
,
ŷeikq·r =
∑
mn
[
aymn(θk)M
(1)
mn(r, kq) + b
y
mn(θk)
·N (1)mn(r, kq) + cymn(θk)L(1)mn(r, kq)
]
,
ẑeikq·r =
∑
mn
[
azmn(θk)M
(1)
mn(r, kq) + b
z
mn(θk)
·N (1)mn(r, kq) + czmn(θk)L(1)mn(r, kq)
]
. (A-2)
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The coefficients in (A-2), i.e., apmn, b
p
mn and c
p
mn (where p = x, y, z), are functions of θk
and φk. For the detailed expansion and discussion, the information can be found in
12. We
provide only the coefficients of Aemnq, B
e
mnq and C
e
mnq used in the main text. From Eq. (13),
we have
F eq(θk, φk) = F
e1
q (θk, φk) + F
e2
q (θk, φk), (A-3)
where
F epq (θk, φk) = F
ep
qx (θk, φk)x̂+ F
ep
qy (θk, φk)ŷ + F
ep
qz (θk, φk)ẑ (p = 1, 2) (A-4)
with
F epqx (θk, φk) =

−△1△ sin φk, p = 1,
△2
△ cosφk, p = 2;
F epqy (θk, φk) =

△1
△ cosφk, p = 1,
△2
△ sinφk, p = 2;
F epqz (θk, φk) =
 0, p = 1,1, p = 2. (A-5)
In the above equations, the intermediate parameters, △1, △2 and △, are functions of
only θk as given in Eq. (14). Then we can split the parameters as follows
Aemnq = A
e1
mnq + A
e2
mnq,
Bemnq = B
e1
mnq +B
e2
mnq,
Cemnq = C
e1
mnq + C
e2
mnq, (A-6)
and thus obtain (p = 1 or 2)
Aepmnqe
−imφk = F epqxa
x
mn + F
ep
qy a
y
mn + F
ep
qz a
z
mn,
Bepmnqe
−imφk = F epqxb
x
mn + F
ep
qy b
y
mn + F
ep
qz b
z
mn,
Cepmnqe
−imφk = F epqxc
x
mn + F
ep
qy c
y
mn + F
ep
qz c
z
mn. (A-7)
As a result, we can now obtain the expansion coefficients of E-fields in a gyrotropic
anisotropic medium, i.e., Aepmnq, B
ep
mnq and C
ep
mnq (where q = 1, 2), as follows:
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for p = 1 and m ≥ 0
Ae1mnq = i
n 2n+ 1
2n(n+ 1)
(n−m)!
(n+m)!
△1
△
[
(n+m)(n−m
+ 1)Pm−1n (cos θk)− Pm+1n (cos θk)
]
,
Be1mnq = i
n 1
2n(n+ 1)
(n−m)!
(n+m)!
△1
△
[
(n+ 1)(n+m)
× (n +m− 1)Pm−1n−1 (cos θk) + (n+ 1)
× Pm+1n−1 (cos θk) + n(n−m+2)(n−m+1)
× Pm−1n+1 (cos θk) + nPm+1n+1 (cos θk)
]
,
Ce1mnq = i
n 1
2kq
(n−m)!
(n +m)!
△1
△
[
(n+m)(n +m− 1)
× Pm−1n−1 (cos θk) + Pm+1n−1 (cos θk)
− (n−m+ 2)(n−m+ 1)Pm−1n+1 (cos θk)
− Pm+1n+1 (cos θk)
]
; (A-8)
while for p = 1 and m > 0,
Ae1
−mnq = (−1)m
(n+m)!
(n−m)!A
e1
mnq,
Be1
−mnq = (−1)m+1
(n +m)!
(n−m)!B
e1
mnq,
Ce1
−mnq = (−1)m+1
(n +m)!
(n−m)!C
e1
mnq. (A-9)
15
Similarly, for p = 2 and m ≥ 0, we have
Ae2mnq = i
n+1 2n+ 1
n(n + 1)
(n−m)!
(n+m)!
{△2
2△
[
(n+m)(n−m
+ 1)Pm−1n (cos θk) + P
m+1
n (cos θk)
]
+mPmn (cos θk)
}
,
Be2mnq = i
n+1 1
n(n + 1)
(n−m)!
(n+m)!
{△2
2△
[
(n+1)(n+m)
× (n+m−1)Pm−1n−1 (cos θk)− (n+ 1)
× Pm+1n−1 (cos θk) + n(n−m+2)(n−m+1)
× Pm−1n+1 (cos θk)− nPm+1n+1 (cos θk)
]
+
[
n(n−m+ 1)Pmn+1(cos θk)
− (n+ 1)(n+m)Pm−1n−1 (cos θk)
]}
,
Ce2mnq = i
n+1 1
kq
(n−m)!
(n+m)!
{△2
2△
[
(n+m)(n +m− 1)
× Pm−1n−1 (cos θk)− Pm+1n−1 (cos θk)
− (n−m+ 2)(n−m+ 1)Pm−1n+1 (cos θk)
+ Pm+1n+1 (cos θk)
]
− (2n+ 1) cos θk
× Pmn (cos θk)
}
; (A-10)
while for p = 2 and m > 0,
Ae2
−mnq = (−1)m+1
(n+m)!
(n−m)!A
e2
mnq,
Be2
−mnq = (−1)m
(n+m)!
(n−m)!B
e2
mnq,
Ce2
−mnq = (−1)m
(n+m)!
(n−m)!C
e2
mnq. (A-11)
In a procedure similar to the above, the expansion coefficients of the H-field eigenvector in
gyrotropic anisotropic medium can be also obtained.
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